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$d(n)$ , $n$ , $\gamma$ Euler . , Dirichlet’s
divisor problem $\Delta(x)$ .
$\Delta(x)=\sum_{xn\leq};d(n)-X(\log X+2\gamma-1)-1/4$ ,
, $\Sigma’$ $x$ . $\Delta(x)$
.
$\int_{2}^{x_{\Delta(u}})^{2}du=(\frac{1}{6\pi^{2}}\sum_{m=1}^{\infty}d^{2}(m)m-3/2)x^{3}/2+F(x)$ ,
, $F(x)$ , $F(x)=O(x\log^{4}X)$
Preissmann [9]. , $F(x)$ ,
$\int_{2}^{x_{F(}}x)dx=-\frac{1}{8\pi^{2}}X^{2}\log X2+cX^{2}\log X+O(x^{2})$ ,
( $c$ ) Lau Tsang [7]. ,
omega result .
$F(x)=\Omega_{-}(X\log^{2}X)$ .
, Jutila , –
[4]. $a,$ $b$ $(a, b)=1,$ $a\geq 1$ , $e(\alpha)=\exp(2\pi i\alpha)$ . ,
$\Delta(x;b/a)$ .
$\Delta(x;b/a)=\sum_{n\leq x}\prime d(n)e(bn/a)-\frac{1}{a}X(\log\frac{x}{a^{2}}+2\gamma-1)-E(\mathrm{O}, b/a)$ ,
, $E(\mathrm{O}, b/a)$ $s=0$ .
$E(s, b/a)= \sum_{\tau\iota=1}^{\infty}d(n)e(bn/a)n^{-s}$ $(\Re_{S>}1)$ .
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, Estermann [1].
$E(\mathrm{O}, b/a)\ll a\log(2a)$ .
$\Delta(x;b/a)$ , Jutila [4].
(1.1) $\int_{1}^{x}|\Delta(u;b/a)|2du=(\frac{1}{6\pi^{2}}\sum_{m=1}^{\infty}d^{2}(m)m-3/2\mathrm{I}aX^{3/}2+F(x;b/a)$,
, $F(x;b/a)$ , $F(x;b/a)\ll a^{2}x^{1+\epsilon}+a^{3/2_{X}}5/4+\epsilon$ ( $\epsilon$
) . , Jutila , $a\ll x^{1/2e}-$
([4], Corollary of Theorem 12).
(1.2) $1^{x}| \Delta(u;b/a)|2du\sim(\frac{1}{6\pi^{2}}\sum_{m=1}^{\infty}d2(m)m-3/2)aX3/2$ .
Jutila , $F(x;b/a)$ $O(a^{2}x\log^{5}X)$ [4] .
, $F(x;b/a)$ . , $F(x;b/a)$
.
Theorem 1 $x\geq 2,$ $a\leq x$
$F(x;b/a)\ll a^{2}x\log^{4}x+a^{4+\epsilon}\log^{2}x$ .
, Kiuchi [6] , $\Delta(u;b/a)$ Truncated Voronoi formula
, Preissmann [$9|$ , Montgomery-Vaughan
.
, .
Corollary $a^{2+\epsilon}\ll X\log^{2}x$ ,
$F(x;b/a)\ll a^{2}x\log^{4}x$ .
Corollary (1.2) , $a\ll x^{1/2\epsilon}-$
$\int_{1}^{x}|\Delta(u;b/a)|^{2}du=(\frac{1}{6\pi^{2}}\sum_{m=1}^{\infty}d^{2}(m)m^{-}\mathrm{I}^{a}3/2x^{3}+/2o(aX2\log^{4}x)$,
. (Corollary $a^{2+\epsilon}\ll x\log^{2}x$ , $a\ll x^{1/2-e}$
.)
$F(x;b/a)$ , Lau-Tsang , $F(x;b/a)$
.
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Theorem 2 $X\geq 2,$ $a^{2}\leq X(\log^{-}X)8/2$ ,
(1.3) 1$x_{F(x;b/a)dx}=- \frac{1}{8\pi^{2}}X^{2}\log X2+f(a)X^{2}\log X+O(a^{2+\epsilon}X^{2})$.
, $f(a)$ $f(a)\ll a^{2+e}$ .
$a$ $a^{2}\leq X(\log^{-}X)8/2$ additive divisor problem
– . (Section 2 .)
, $a$ $a\leq X$ , .
Theorem 3 $f(a)$ . , $X\geq 2,$ $a\leq X$
$\int_{2}^{x_{F(x;}}b/a)dx=-\frac{1}{8\pi^{2}}X^{2}\log X2+f(a)X^{2}\log X+O(a^{3}x^{2}+a^{4+\epsilon}X\log^{2}X)$.
$f.(a)$ explicit form ,
( ) .







$\delta_{M}(u;b/a)=\frac{1}{\pi\sqrt{2}}au\sum 1/21/4n\leq Md(n)e(-\frac{\overline{b}}{a}n\mathrm{I}n^{-3/}\cos 4(4\pi\frac{\sqrt{nu}}{a}-\frac{\pi}{4}\mathrm{I}\cdot$
$|\Delta(u;b/a)|$ [2, Lemma 4].
(2.1) $|^{x}|\Delta(u;b/a)|2du$ $=$ $\int_{1}^{x}|\delta_{M}(u;b/a)|2du+O(a^{2}x+a^{4+6}\log X)2$ ,






Theorem 1 ([2, Section 3] ).
, Theorem 2 Theorem 3 . $M=X^{7}$ . –
diagonal term , (1.1) , $F(x;b/a)$
asymptotic formula $a\leq x$ , $x^{7}\ll M\ll x^{14}$ .







(2.2) ( 3 , ) , [7]
Lemma 3 Section 3 .
$l^{x_{F(X}}\cdot,$ $b/a)dx=\sqrt{2}\pi^{-3/2}aX^{5}/2\tau+O(a^{2}x^{2}+a^{4+\epsilon}X\log^{2}X)$ ,
$(2\leq X, a\leq X)$ , $T$ .
$T= \sum_{h\leq X\mathrm{s}L^{4}a}\cos(2\pi\frac{\overline{b}}{a}h)\int Dh,a((y(y+h))-3/4(\theta_{y},+h)d\psi_{h}ygy)M$,
, $g(\nu)=\nu^{-3/2}J_{3}/2(\nu)-4_{\mathcal{U}}-5/2J5/2(\nu)$ ( $J_{k}(\nu)$ order $k$ Bessel ) , $\theta_{m,n}=$




, $\psi_{h}(y)$ . Heath-Brow [3].
$\psi_{h}(y)=I_{h}(y)+E_{h}(y)$ ,
$I_{h}(y)$ main term .
$I_{h}(y)=y \sum_{=i0}^{2}\log^{i}y\sum_{|dh}d^{-1}(\alpha_{i0+\alpha}i1\log d+\alpha_{i2}\log d2)$ ,
$\alpha_{ij}$ ( , $\alpha_{20}=6\pi^{-}2$ $\alpha_{21}=\alpha_{22}=0$ .)
, Eh( error term .
(23) $E_{h}(y)\ll y5/6+\mathcal{E}$ ,
( , $1\leq h\leq y^{5/6}$ – .) , Motohashi [8] (2.3) $E_{h}(y)$
.
(2.4) $E_{h}(y)\ll y^{2/+}36$ ,
( $1\leq \mathrm{h}\leq \mathrm{y}^{20/27}$ – .)
$T$ , Theorem 2 (2.4)
, Theorem 3 (2.3) . ( Theorem 2
.) , $h$ – , $h\leq y^{20/27}$ $(a^{2}X^{-}1L^{8})13/20\leq h$
. 1 $h$ , $a$
$a^{2}\leq XL^{-8}$ .
$\psi_{h}(y)$ , Riemann-Stieltjes , .
$T= \sum_{h\leq X^{3}L^{4}a}\cos(2\pi\frac{\overline{b}}{a}h)\int_{D}M)^{-}(y(y+h)3/4g(\theta yy,+hh,a2)I_{h}’(y)dy+O(aX-1/)$.
$\theta_{y,y+h}--\omega$ , $a^{2}\leq XL^{-8}$ ,
$X\geq 2$ . [2, Proposition 1]
(2.5) $T$ $=$ $\frac{a}{\pi\sqrt{X}}\int_{2\pi x}^{2L^{4}}\pi)\mathit{9}(\omega\xi_{a}-\epsilon_{a^{-1}}((2\pi)^{-1}x3\omega a, 2\pi^{\sqrt{X}}\omega-1a^{-1})d\omega$
$+O(aX^{-1}/2+a^{3+\epsilon}x^{-}3/2\log 2x)$ .
,
$\xi_{a}(y, Q)$ $=$ $\sum_{h\leq y}h^{-1}\cos(2\pi\frac{\overline{b}}{a}h)(4a_{2}(h)\log^{2}(Qh)+2a_{1}(h)\log(Qh)+a_{0}(h))$ ,
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$a_{i}(h)(i=0,1,2)$
$a_{0}(h)$ $=$ $\sum_{d|h}d^{-1}\sum^{2}j=0(\alpha 0j+\alpha_{1j})\log^{j}d$ ,
$a_{1}(h)$ $=$
$\sum_{d|h}d^{-1}(12\pi^{-2}+\alpha_{10+\alpha}11\log d+\alpha 12\log d2)$
$a_{2}(h)$ $=$ $\frac{6}{\pi^{2}}\sum_{d|h}d^{-1}$
.
, $\xi_{a}(y, Q)$ , [2, Lemma 5] ,
$\xi_{a}(y, Q)$ $=$ $\frac{4}{3a}\log^{3}QX+A_{1}(a)\log^{2}Qx-\frac{4}{3a}\log^{3}Q+A_{2}(a)\log^{2}Q+A_{3}(a)\log Q$
$+A_{4}(a)+A_{5}(a)\log X+O(a^{1+\epsilon}X-1\log X\log^{2}Q3X)$ ,
$A_{i}(a)$ explicit form . ,








$d^{-2}$ , $B(y;a,r)= \sum_{ym\leq}a2(am+r)-\beta 2(a, r)y$
$(a,d)=a_{1}$
. , $A_{i}(a)$ $A_{i}(a)\ll a^{\epsilon}$ .
$\xi_{a}(y, Q)$ (2.5) , ([7, Lemma 5]
.)
$T$ $=$ $- \frac{1}{a\sqrt{\pi}}2^{-7/2-1}x/2\log X2+aA_{7}(a)x^{-}1/2\log X+O(a^{\iota+}x^{-}\mathrm{g}1/2)$
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